NASA/TM—2004-212328

‘rlﬁ:,v‘» YA

%

Fracture Mechanics Analysis of an Annular
Crack in a Three-Concentric-Cylinder
Composite Model

Latife H. Kuguoglu
QSS Group, Inc., Cleveland, Ohio

Wieslaw K. Binienda
University of Akron, Akron, Ohio

Gary D. Roberts
Glenn Research Center, Cleveland, Ohio

February 2004



The NASA STI Program Office . . . in Profile

Since its founding, NASA has been dedicated to
the advancement of aeronautics and space
science. The NASA Scientific and Technical
Information (STI) Program Office plays a key part
in helping NASA maintain this important role.

The NASA STI Program Office is operated by
Langley Research Center, the Lead Center for
NASA’s scientific and technical information. The
NASA STI Program Office provides access to the
NASA STI Database, the largest collection of
aeronautical and space science STI in the world.
The Program Office is also NASA’s institutional
mechanism for disseminating the results of its
research and development activities. These results
are published by NASA in the NASA STI Report
Series, which includes the following report types:

+ TECHNICAL PUBLICATION. Reports of
completed research or a major significant
phase of research that present the results of
NASA programs and include extensive data
or theoretical analysis. Includes compilations
of significant scientific and technical data and
information deemed to be of continuing
reference value. NASA’s counterpart of peer-
reviewed formal professional papers but
has less stringent limitations on manuscript
length and extent of graphic presentations.

+ TECHNICAL MEMORANDUM. Scientific
and technical findings that are preliminary or
of specialized interest, e.g., quick release
reports, working papers, and bibliographies
that contain minimal annotation. Does not
contain extensive analysis.

» CONTRACTOR REPORT. Scientific and
technical findings by NASA-sponsored
contractors and grantees.

» CONFERENCE PUBLICATION. Collected
papers from scientific and technical
conferences, symposia, seminars, or other
meetings sponsored or cosponsored by
NASA.

» SPECIAL PUBLICATION. Scientific,
technical, or historical information from
NASA programs, projects, and missions,
often concerned with subjects having
substantial public interest.

» TECHNICAL TRANSLATION. English-
language translations of foreign scientific
and technical material pertinent to NASA’s
mission.

Specialized services that complement the STI
Program Office’s diverse offerings include
creating custom thesauri, building customized
databases, organizing and publishing research
results . . . even providing videos.

For more information about the NASA STI
Program Office, see the following:

» Access the NASA STI Program Home Page
at http://www.sti.nasa.gov

« E-mail your question via the Internet to
help@sti.nasa.gov

» Fax your question to the NASA Access
Help Desk at 301-621-0134

» Telephone the NASA Access Help Desk at
301-621-0390

*  Write to:
NASA Access Help Desk
NASA Center for AeroSpace Information
7121 Standard Drive
Hanover, MD 21076



NASA/TM—2004-212328

‘rlﬁ:,v‘» YA

%

Fracture Mechanics Analysis of an Annular
Crack in a Three-Concentric-Cylinder
Composite Model

Latife H. Kuguoglu
QSS Group, Inc., Cleveland, Ohio

Wieslaw K. Binienda
University of Akron, Akron, Ohio

Gary D. Roberts
Glenn Research Center, Cleveland, Ohio

National Aeronautics and
Space Administration

Glenn Research Center

February 2004



Acknowledgments

This work was supported in part by NASA Glenn Research Center through grants NAG3-1223 and NCC3-744.

NASA Center for Aerospace Information

7121 Standard Drive
Hanover, MD 21076

This work was sponsored by the Low Emissions Alternative
Power Project of the Vehicle Systems Program at the
NASA Glenn Research Center.

Available from

Available electronically at http://gltrs.grc.nasa.gov

National Technical Information Service

5285 Port Royal Road
Springfield, VA 22100



Table of Contents

INEEOAUCTION ..ttt ettt ettt ettt et ettt et et b s bttt eb e st et e e nesbe e eneeneenes 1
ANALYECAL SOIULION ....ceteiiiiiiicteieiertete ettt ettt ettt ettt a ettt sa e e et e be bt e e st b e emeeneenes 3
GOVErNING EQUALIONS «....ccvetiiiuiiiieietret ettt ettt et ettt st ettt b ettt s b ettt bt st e s et ne b e e e neenes 3
Boundary CONAITIONS ........coueciririirieieiiineteeerert ettt ettt ettt b ettt et sttt et s b e e et enes 6
GIEEN S FUNCHION. c.. .ttt ettt ettt ettt ettt b ettt s b ettt st a et s b e e et enes 8
Displacement EQUAIONS ......c.coivuiieriririniiieirintetceeent ettt sttt ee ettt ettt ettt saeseneene 13
INteral EQUALIONS ....cueeuiiiiitieieieteete ettt ettt sttt s bt bt et et e sbe e st et e s beeat et etesbeeneeneens 17
Singular Integral Equations and Fredholm Kernels..........c..cccocvineniininininnninicecnenceeceeneeeeenene 21
Verification of the Singular Integral EQUAtION .......c.cccoivieriiiirininienniniiceetnerceeceeseeee e 23
INUMETICAL SOIULION ....c.uiiiiiicieiieit ettt ettt ettt sttt et s b bt e e bt saeeemeeneas 26
Fundamental Function of the Singular Integral EQUAtion .........c..ccccevirinieneiniinieniennincceeeeenceecenene 26
Solution by Jacobi POLYNOMIALS .......cccevririeriiiiiriiieieireteteeneetee ettt 27
Gauss-Jacobi Quadrature TeChNIQUE.........ccccceririeriiriririieier ettt 30
Stress INEENSILY FACTOT. .c..ciuiiiiiiiiiiicieirt ettt ettt ettt sttt 31
Strain Energy Release Rate ...........coooiiiiiriiiiiiincieccte ettt ettt 33
Application of the MEthOd .........ccoiriiiiiiiiciec ettt ettt s 33
CONCIUSIONS ...ttt ettt ettt ettt et ettt sttt b sttt ea e h et et e st e bbb e st eat bt e b et ese st et et ene e bt saenseneenens 38
APPENAIX——SYIMDOLS ..cuiiiiiiiiieiiitctee ettt ettt ettt ettt ettt ettt sn et 39
RETETEICES ...ttt bttt sttt b st s b ettt et s b et ee et e be st e e e ae s 41

NASA/TM—2004-212328 il






Fracture Mechanics Analysis of an Annular Crack in a
Three-Concentric-Cylinder Composite Model

Latife H. Kuguoglu
QSS Group, Inc.
Cleveland, Ohio 44135

Wieslaw K. Binienda
University of Akron
Akron, Ohio 44325-3905

Gary D. Roberts
National Aeronautics and Space Administration

Glenn Research Center
Cleveland, Ohio 44135

Summary

A boundary-value problem governing a three-phase concentric-cylinder model was analytically
modeled to analyze annular interfacial crack problems with Love’s strain functions in order to find the
stress intensity factors (SIFs) and strain energy release rates (SERRs) at the tips of an interface crack in a
nonhomogeneous medium. The complex form of a singular integral equation (SIE) of the second kind
was formulated using Bessel’s functions in the Fourier domain, and the SIF and total SERR were
calculated using Jacoby polynomials. For the validity of the SIF equations to be established, the SIE of
the three-concentric-cylinder model was reduced to the SIE for a two-concentric-cylinder model, and the
results were compared with the previous results of Erdogan. A preliminary set of parametric studies was
carried out to show the effect of interphase properties on the SERR. The method presented here provides
insight about the effect of interphase properties on the crack driving force.

Introduction

Advanced composite materials are now being used widely for aerospace applications, and the
development of reliable analysis methods for these composite structures has contributed to the growing
use of composite materials. Methods for analyzing the deformation of a composite structure under load
are well established. However, methods for analyzing strength and the degradation of strength during
service are less developed. The initial strength of an undamaged composite can be analyzed using
lamination theory and macroscopic failure criteria applied at the ply level. The effect of constituent
properties can be included in the analysis using micromechanics. However, it is difficult to account for
the initial presence of microscopic flaws and the growth of microscopic damage during service. For
polymer matrix composites, the initial presence and growth of flaws in the region of the fiber-matrix
interface have a large effect on strength retention. Development of reliable models for the growth of
damage in this interfacial region would contribute to better understanding of the long-term durability of
composite structures. Anisotropic and/or nonhomogeneous theories can describe the average macroscopic
effect of microscopic damage such as fiber breaking, matrix cracking, and interface debonding. However,
a fracture mechanics approach applied at the microscopic level is needed to account for the initiation and
growth of microscopic damage. After microscopic damage has grown into a macroscopic defectlike
interply delamination, failure can be analyzed from a macromechanics level (ref. 1).

On atomic and molecular scales, damage is treated differently in metals, ceramics, and polymers
because of the inherent differences in the basic microstructures (ref. 2). In fracture mechanics, the driving
force for the initiation and growth of damage is the strain energy release rate (SERR). The mathematical
methods used to calculate the SERR for damage growth in a composite are the same for different types of
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materials. However, the magnitude of the SERR and the critical SERR for the growth of damage depend
on material properties and molecular damage processes.

In the present work, the fracture mechanics problem of a crack in the interfacial region of a composite
is studied. Although the model could be used for analyzing metal and ceramic matrix composites, in this
report the model is applied to polymer matrix composites. In a simplified view, a polymer matrix
composite is composed of two materials (fiber and matrix) with different but uniform properties separated
by a planar interface. In reality, there is often a region of finite thickness near the interface with properties
different from the fiber or the matrix. This region is sometimes introduced intentionally. For example, a
sizing is often applied to fibers to improve weaving characteristics and to improve adhesion between the
fiber and matrix in the cured composite. Although the sizing material is chemically compatible with the
matrix material, the mechanical properties of the sizing and matrix are not necessarily equal. Another
reason for the presence of a third region between the fiber and matrix is the effect of the interface on the
formation of the matrix material during composite fabrication. For thermoplastic matrix materials, the
degree of crystallinity near the fiber can be different from that in the bulk region. For thermosetting
matrix materials, the presence of the fiber surface affects the cure reactions so that the chemical structure
of the matrix material is different near the fiber. The region of finite thickness between the fiber and
matrix is called the interphase. The thickness and properties of the interphase depend on the particular
combination of fiber, sizing, and matrix used as well as the composite processing conditions. Other
researchers have attempted to model variations in material composition and properties in the interphase
region of a composite material (refs. 3 and 4). This report does not investigate a specific material system.
Instead, the fracture mechanics model developed in this report is used for a parametric analysis of the
effect of interphase thickness and stiffness on the stress intensity factor (SIF) and SERR.

A fracture mechanics analysis of an interface crack in a three-component system (fiber, matrix, and
interphase) is performed within the confines of the linear theory of elasticity. The crack problem is of the
mixed boundary value type and is reduced to a system of singular integral equations (SIEs). Except under
very special circumstances where a closed-form solution can be found (ref. 5), systems of SIEs are solved
by a numerical method to obtain the crack-tip SIF and SERR. The SIF and SERR are the forces driving
damage growth and are related to the effects of applied loads, crack geometry, and material properties.
The goals of this work are to obtain solutions for crack-tip SIF and SERR and to use these solutions to
evaluate the effects of material properties and interphase thickness on damage propagation.

A brief description of the formulation of the problem follows. The first step is to develop some basic
forms capable of modeling a cylindrical fiber. The cylindrical coordinates r, 6, and x are used. The
variable x is used instead of the more common z in order to be consistent with reference 5. Results from
this report reduce to those in reference 5 under special circumstances. In the boundary value problem
considered, there is a coating between a straight elastic fiber of finite radius and an infinite elastic matrix
material of different thermomechanical properties. The coating could be the interphase in a polymer
matrix composite or, more generally, any coating in any composite material. The bonding between the
fiber and the coating is assumed to be perfect. The bonding between the coating and matrix is perfect, but
there are axially symmetric cracks on the coating-matrix interface. The applied external loads cause
traction on the surfaces of the cracks. The goals are to obtain a solution for crack-tip singularities, to find
the stress distribution in the medium, and to find the energy release rates for the propagation of the crack
along the interface.

A special case with only two cracks extending to infinity along the axial direction is shown in
figure 1. An infinitely long straight fiber and matrix material extending to infinity both axially and
radially are joined by a third material called the coating. The bonding between the fiber and the coating is
perfect. The bonding between the coating and the matrix is perfect in the centered region of contact. In
figure 1, r is the radial direction, x is the axial direction, and (W,, v,), (WL, V,), and (U3, V3) are the elastic
constants of the matrix, fiber, and coating, respectively. There is a geometric symmetry in the medium
with respect to the x = 0 plane. The fiber radius r;is finite, the radius of the coating r, is finite, and the
radius of the matrix r,, is infinitely large.

To solve the elasticity problem for the geometry shown in figure 1, first the Green’s function for each
layer is obtained. Using stress and displacement equations and boundary conditions on the interface of the
coating and matrix, the integral equations of the problem are derived. These integral equations are
reduced to a system of SIEs.
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Uniform far-field stresses applied along the radial direction
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Figure 1.—Three-concentric-cylinder model with interface annular cracks. L, length of the bonded interface;
L’1 s L’2, length of the debonded interfaces; E1, Eo, E3, modulus of elasticity for the matrix, fiber, and
coating; rmy, radius of the matrix; ry, radius of the fiber; r¢, radius of the coating; v1, vo, v3, Poisson ratios
for the matrix, fiber, and coating; u4, 1o, u3, elastic constants of the matrix, fiber, and coating.

Analytical Solution
Governing Equations

This investigation deals with the plane strain problem (or the generalized plane stress in which the
mean state of stress across the thickness is considered, or the quasi-plane state of stress in which the 6

variable is ignored) for bonded materials. The problem considered here is axisymmetric. There is an
existing geometric symmetry about the x = O plane. The external loads are separated into symmetric and
antisymmetric components with respect to the x = 0 plane, and the only nonzero stress and displacement
components in an infinitely long cylindrical domain are given by equations (1) to (6) (refs. 5 to 7). In

these equations, ¢ is a dummy variable of the Fourier domain, F is the Love strain function, v is the
Poisson’s ratio, and r is the radial distance.

ot 2
o, (ra) = 2] v FL C°_S<Xf>}dt
T dr —sin(xt)
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r x = EJ[vVZ j { CO.S(Xt) ]tdt (2)
Ty r dr —sin(xt)

_zm 2L cos(xt)
x)= n{[(z VIV +1 ]F[—sin(xt)] tdt 3)

_gmi I (1))
T,(r.x)= n'([dr[(l VIVZ +1 ]F(Cos(xt)] dr (4)
w(ry= L [4E[moostn)) (5)

T Ty dr | sin(xr)
I P A W L TC)

u(r,x)= ) [(1 2v)V° + e —— F(cos(xt)]dt (6)

Because of existing boundary conditions and the plane strain assumption with no torsional stresses, it
is convenient to use the Love strain function F to develop the solution following a procedure similar to
that in reference 5. The Love strain function F can also be called the Green’s function. In the absence of
body forces, F is defined by the following biharmonic equation in cylindrical coordinates:

V*V2F(r,t)=0 (7)

where the Laplacian operator in cylindrical coordinates is

szj—;+%%—z2 (8)
The solution of equation (7) is as follows, where p = rt
F(r,t)= AKy(p)+ BpK,(p)+CI,(p)+ DpI,(p) 9)
The Green’s functions F(r, 7) for each layer are
Fy(r.t)=AK,(p)+BpK,(p)+Cily(p)+ DpL(p)  rt<p<eo (10)
Fy(r,t)=A,K,(p)+ B,pK,(p)+C,1,(p)+ DopI,(p)  O<p<ryt 11
Fy(r,t)= AsKo(p)+ BspK,(p)+ Cslo(p)+ Dyl (p)  rt<p<rit (12)

where A,, B,, C,, D,, A,, B,, C,, D,, A, B;, C5, and D, are the unknown constants that are functions of the
transform variable .
So that the solution will be bonded for the first and second layer (matrix and fiber) and because of the

behavior of the Bessel functions at r = « and r = 0, some of the constants become zero. For the matrix,

C,=0and D, = 0. For the fiber, A, = 0 and B, = 0. Therefore, the solutions for the unknown Green’s
functions of each layer become

NASA/TM—2004-212328 4



Fy(r.1)= A,(t)K,(p)+ B,(t )oK, (p)
Fy(r,t)=C,(t)I,(p)+ D, (¢)1,(p)

Fy(r,t)= A;(t)Ko(p)+ By (1)K, (p) + C5(t)1o(p) + Ds(2)1,(p)

The functions F,, F,, and F3, and their derivatives, are substituted into the stress and displacement
equations (1) to (6), where p =rt, r, < r; < o0, 0 <1, <1y, 1, < 13 <1, 1718 the radius of the fiber, and .. is

the radius of the coating.

The continuity of the radial stresses (egs. (1) to (3)), the shear stress equation (eq. (4)), the radial
displacement equation (eq. (5)), and the axial displacement equation (eq. (6)) at the matrix-coating

13)
14)

as)

interface and the fiber-coating interface must be applied to find the unknown constants A;, B;, Cs, D3, A},

B,, A,, and B,. Using r; = r; = r, at the matrix-coating interface and defining o = r.t transforms equations

(1), (4), (5), and (6) into equations (16) to (23):

G,,(r., x)= %j: t3[—AlK0(oc) - %Kl(oc) +(1-2v,)B,K,(ct)— B,oK, (oc)} cos(xt)dt

(1-2v)K, (o)
-0k, (o)

2v,—DI (o)
—od, (o)

1
AS(—KO(a)——Kl(oc))+B3[
2> 3 o
6,3(1;,x)=—J‘ t

ntdo

+ CS[—IO(oc)+ éll(oc))+ D{

T, x)= %J.: t3[—A1K1((x)+ 2BK,(0))— B,oK, (o)~ 2lelK1(0c)] sin(x)dt

2 JWZ{—AJ(](OLH B (2K, (o) — 0K o (1)~ 2V, K, (00))

e D=l T e DA v )+ alyo)

}sin(xt)dt
u, (1., x)=— #I: tz[—A]Kl (o)— BIOLKO(OC)] cos(xt)dt
1
U5 (r,, x)= _ﬁjowtz[—A3K,(oc)— B, 0K,(0)+C],(00) + Dyoily(00)] cos(xt )
3

1 .
uy(r,x)= n_ulfo 1*[ A, K,y (00)+ B, (0K, (0)— 4(1— v, ) K (av)] sin(xt)dt

C 1 | AK(0)+ Bs[oK ()= 41 v5)K ()] ,
ol )=, t{ + Cyly (o) + Dot (o) + (1= v, )l (e)] sinf )
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Using r; = r, = ryat the fiber-coating interface and defining y = r; ¢ transforms equations (1), (4), (5),
and (6) into equations (24) to (31):

2 1
G,y (ry, )= ;jo ﬁ{@ {—Io(m ahm} Dy[(2v5 =), (1)- vll(v)]} cos(xt)dt (24)

1
A [—Ko(y) —~ §K1 (y)} + B[ (1= 2v;) K, (7)— ¥K, (V)]
3

G,3(r, x)= %J.o r

| cos(xt)dt (25)
+CS[—IO<Y>+;11(v>}+D3[<2v3 —DI,(y)—ad,(y)]

2 = .
T (ry, x) = Ejo £ {C, 1 (1) + Dy[2(1- v, (1) + YLy ()]} sinCat e (26)
o=l '|~oot3{—A3Kl(y)+B3[2K1(Y)—YKO(7)—2V3K1(Y)]} sin(at)de )

ndo +C31,(7)+ Dy[2(1 = vy)I, (Y) + ol o ()]

L =,
u,z(rf,x)=_mj0 [CoL(y)+ Dyyly(v)] cos(xt )t (28)
2
1 o
ur3(rf.,x):—mjo [~ AsK, ()= B, YKo (Y)+ C3l, () + Dyylo ()] cos(xt ) (29)
3

1 = .

u(rpx)= s i {Czlo(y)+D2[yI,(y)+ 41-v, )Io(y)]} sin(xt )dt (30)

L1 [AK D+ B[ YK (V)= 4= VK (7)] ,
ux3(i’f,x)— s J:) t { +C3IO(Y)+D3[yll(y)+4(1—v3)lo(y)] sm(xt)dt 3D

Boundary Conditions
Thermomechanical stresses in the medium without the crack are assumed to be known since they can
be easily calculated. Hence, by simple superposition, the original problem (fig. 2) can be reduced to one
in which external loads are first applied to a system with the coating-matrix completely separated (fig. 3)
and perturbation loads are then applied to close the crack in the bonded region (fig. 4).

The stress-related boundary conditions at the matrix-coating (region 1 to region 3) interface, where
r=r3=r, are

6,(r.x)=0,5(r.. x)= pd(x—&)+ pd(x+E) (32)

and

T,xl(lg,x)=’crx3(r6,x): q6(x—§)iq8(x+§) (33)

NASA/TM—2004-212328 6



Uniform far-field stresses applied along the radial direction
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Figure 2.—Original problem.
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IRENARRRS

Matrix (region 1)

|
Calculated displacement gap g alongr axis and g along x axis due to far-field stresses

T i Coating (region 3) 3
< ( Fiber (region 2) j \7‘

NP X

v

Figure 3.—Elasticity problem—far-field stress applied with no bonding at the
coating-matrix interface and a gap equal to the calculated displacements
g) along the radial axis and g» along the axial axis in figure 2.
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Figure 4.—Mixed boundary value problem—the unbonded problem of figure 3
with a displacement perturbation to close the crack in the bonded region.
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where p and ¢ are the unknown stresses outside the crack. The p and g stresses are zero along the crack
surface. The displacement-related boundaries at the matrix-coating (regionl to region 3) interface are

(r,x) = t5(r, x) = 8,8(x — &) £ g,8(x +E) (34)
and
(. x)— (. x) = 8,8(x— &) £ g,8(x +&) (35)

where g, and g, are known radial and axial distances between the inner diameter of the matrix cylinder
and the outer diameter of the coating cylinder while these cylinders are completely separated.

Both stress and displacement boundary conditions are applied at the fiber-coating (region 2 to
region 3) interface because there is no debonding. The boundary conditions at the fiber-coating interface,
where r, = ry = ry, are given in equations (36) to (39):

G, (1 %)=,y %) (36)
T (72 X) = T (1 %) (37)
tys (ryo x) = 5y %) (38)
(1) =g (ry. x) (39)

Green’s Function

There are eight unknown constants and eight equations at the matrix-coating (region 1 to region 3)
and fiber-coating (region 2 to region 3) interfaces. Substituting equations (16) and (18) into equations (32)
and (33) establishes the following two equations with two unknowns:

- | _A
%JO 7 AKo(e) aKl(a) cos(xt)dt:p(x)ﬁ(x—ﬁ) (40)

+(1-2v,)B,K,(0)— B,oK, (o)
and

EJ"”I3 —AK (o) +2B K (a)
ndo

— Bk, (o) — 2V]BIK1(OL)} sin(x)dr = g(x)3(x~E) (41)

Making an inverse Fourier cosine transformation to equation (40) results in equation (42):
A
—AK _AK o
A o(0) o (o) = Jo p(x)S(x - &) cos(xt)dx (42)
+(1-2v,)BK,(0.)— BjoK, (o)

NASA/TM—2004-212328 8



Using the properties of the Dirac delta function changes equation (42) into equation (43):
z{—AlKO(oc)— %Kl(oc)+ (1-2v,)B,K, (o)~ BlocK,(oc)} = p(&)cos(&¢) (43)
Applying an inverse Fourier sine transformation to equation (41) implies equation (44):
[~ AK,(00)+2B,K, (00) — Bty (00) — 2v, B, K, (00)] = j: q(x)8(x— &)sin(xt )dx (44)

Because of the properties of the Dirac delta function, equation (44) becomes equation (45):
£'[-AK, (o) + 2B,K,(00) - BoK, (o) — 2V, B K, (00)] = g(x)sin(&r ) (45)

Equations (43) and (45) can be written in matrix form as equation (46) with A, and B, as unknowns:

o ﬁ !
—KO(OL>— K1( ) (1_2\;])[(0((1)—0([(1(0() {Al(l‘):|_ pt3 COS<E.~) (46)

¢ Bl(t) - CI(E.») .

—Kl(oc) 2K1((x)—(xK0(0c)—2V1K1(06) t—351 (&t)

Solving equation (46) for A, and B, yields equations (47) and (48) with A, defined in equation (49):

o O p(é)cos(ét)[(xl(o(oc)— 2(1—\1, )Kl((x)] }
Alr) t3A1{ + q(E)sin(e)[ (1= 2v, Ko )= ok, (o] 47
[Pl eos@l (o]
Bilr)= A, + Q(i)sin@t){l(o(oc)_ Kl(ia)} (48)
A, =—0c2K02(0c)+[0c2 +2(1-v, )]K,z(oc) (49)

Equations (17), (19), and (24) to (29) are substituted into equations (32), (33), and (36) to (39),
respectively, in order to find the other unknown constants—A;, B;, C;, and D;—at the matrix-coating
(region 1 to region 3) interface and C,, and D, at the fiber-coating (region 2 to region 3) interface. Using
equation (17) in equation (32) results in the matrix form in equation (50):

1
@P&myammﬁ
grﬁ + By[(1-2v;)K,(00)— 0K, (00)]
TT Y0

| cos(xt)dt = p(x)f)(x - ﬁ) (50)
+ C{—Io(oc)+ all(oc)}

+ D;[(2v; — DIy (o) — ol (o)
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Applying an inverse Fourier cosine transformation to equation (50) yields equation (51):

oo

AS[—KO(a)—éKI(a)}&[(l— 2v;)K (o) — 0K, (00)]
3 = Jo p(x)B(x— é)cos(xt)dx (51)

t
1
+ C3[—IO((X)+all(oc)}+D3[(2v3 —DIy(o)—ad (o)

Using the properties of the Dirac delta function changes equation (51) into equation (52):

1
A{—Ko(oc)— aKl(oc)}r By[(1-2vy)K (o) — 0K ()]
3

r | = p(&)cos(&r) (52)
+ C{—Io(oc)+ all(a)}u D5[(2v5 - DI (o) - od, ()]
Using equation (19) in equation (33) gives equation (53):
~AK,(00)
IR IS i S SRS A 53

+Dy[ 21— vy)I (o) + oy (o)
Applying an inverse Fourier sine transformation to equation (53) yields equation (54):

3| =AsK (0) + B[ 2K, (00) — 0Ky (00) = 2v3K ()] | _E)si
¢ { +C311(0c)+D3[2(1—V3)1|(0€)+0‘Io (a)] }—JO q(X)S(x &)sm(xt)dx (54)

Because of the properties of the Dirac delta function, equation (54) becomes equation (55):

t3{—A3K1(0c)+ B;[2K, (o) — 0Ky (o) — 2, K, (o0)]
+C51,(0)+ Dy[ 21— vy)I (o) + oy (00)]

} = q(&)sin(&r) (55)
Using equations (24) and (25) in equation (36) gives equation (56):
A {—K()(v)— %K (v)} By[(1-2v,)K, ()= VK (V)] + C; [—Io<v>+ %1, (v)}

+D5[(2v; = DI (7)o, ()] = C, [—Io<v>+ élm} +D,[(2v5 = DI = (V)]  (56)

Using equations (26) and (27) in equation (37) yields equation (57):

—AK () + By 2K, (7) = YK, (V) = 23K, ()] + C3 1, (7)
+D[2(1 = )L, () + oy (7)] = Co L, (V) + D[ 20 =)L () + ¥l (Y)]  (57)

NASA/TM—2004-212328 10



Using equations (28) and (29) in equation (38) yields equation (58):

—A3K (V)= B YK (V) +C51, (V) + Dyl (7) = Co 1, (Y) + Dy YL (Y)

Using equations (30) and (31) in equation (39) yields equation (59):

AK, () + B3[ YK, (V) — 41— v Ko ()] + C31o(7)

+D3[yll(y) + 4(1 -V, )Io(y)] = Czlo(y) + Dz[\(ll (y)+ 4(1 -V, )Io(y)]

From equations (56), (57), (58), and (59), the matrix system in equation (60) is established, with R1,

R2, R3, and R4 detailed in equations (61) to (64):

where

1
R1=C, |:_IO(Y)+ all(’Y)i|+ D,[(2v; = DI (V) = YI,(7)]

R2=C,1,(Y)+ D, [ 21— V)L, (7)+ Y1 (V)]

R3=C,1,(y)+ Dyl ()

R4=C,Lo(y)+ D[, (v)+ 4(1= v, )1o(7)]

The solution of equation (60) yields equations (65) to (68) for the unknown constants A, B;, C;, and

D5 in terms of C, and D,:

NASA/TM—2004-212328 11

(#o(v) (1—2v)&o(y)) [ ) (2v, - 1)1y(7)
—%Kl(v) [ ~ vk, (v) ] 1) [ ~n,(v) }
2K,(7) 21,(y)
-K,(v) —¥Ky(7) 1,(y) +¥o(Y)
—2v3K1(y) —2v3ll(y)
KI(Y) YKO(Y) _Il(Y) _YIO(Y)
K YKl(Y) / Yll(Y)
_ o(7) [ —4(1—\/3)1(0(7)] o(7) [ 4 a(1-v,)1o(y)

R1

R2

R3

R4

(58)

(59)

(60)

(61)

(62)
(63)

(64)

(65)



By(r)=0 (66)

DzYz (Vz —V; )[IO(Y)KO(Y)+ Il(Y)Kl('Y)]

Cy(1)=C, - e (67)
D, (-1
Dy(r)= —2_(1:\,:2) (68)

Equations (25) and (27) are substituted into equations (32) and (33) in order to find the unknown
constants for the coating layer. The matrix system in equation (69) is established to solve for C, and D,:

m Zﬂ{fﬁ EZH B [gﬂ (69)

Terms in equation (69) are defined in equations (70) to (75):

N1 =—Io(v)+# (70)
(1 vy (1 2w, o) - o o)
ol —v2<v2—v3>[10<v>2—azl(v>2][az<o<a>+z<,<a>] .
| o) el 1K )
N3=1(v) (72)

(—1+v2)[0c10( ) 1+v3 1(oc)
+V(vz va)[ (1) + 1) (o) (73)

v2 v3 [1 YKo(Y )Kl(y)]

Nd=

—1+v,

R5 = cos(1¢)p({) (74)
R6 =sin(1{)q(() (75)

The solutions of equation (69) for the unknown constants C,(¢) and D,(¢) are shown in equations (76)
and (77):
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(—1+v2)[0c10() 1+\/3 oc)]
—of V(v v -4 (1) + 1 (1) K () p(§)cos(1)
- (Vz‘V3)+11< )[ ( )KO(Y) ( ) ( )]
cﬁ):[i (<1, )1+ 2, ) (c)— ot ()] 6)
e ) 0 o M) S
st "“”llg(fzii(;za(v)]}

Dz(z)=A%Hzl(a)cos(tg)p(g)_[ aly(@)+ ; (o)la(Ssin ’Q)}[_a(_1+v3)]] (77)

Since A,(1), B,(1), As(1), Bs(t), C5(t), D5(t), Cx(t), and D,(t) are known, the Green’s functions in equations
(10) to (12)—F(2), F,(t), and F;(t)—are also known.

Displacement Equations

In this investigation, the stability of the interface crack at the matrix-coating interface is examined by
calculating the SERR at the leading edge of the crack. The fiber-coating interface is considered to be
bonded. Substituting Green’s functions for the matrix F(f) and coating F5(¢) layers into displacement
equations (20) to (23) yields equations (78) to (81). The variables A, and B, are known from equations
(38) and (39); C,(¢) and D,(t) are known from equations (76) and (77); and A;(t), B;(t), C5(?), and D;(¢) are
known from equations (65) to (69).

u,l(rl,x) :_TCLLH :%tcos(xt)dt
:_nLul :tz[—Al(Z)Kl(p)—Bl(t)pKo(p)]Cos(xt)dt
(o [ P(E)cos(zr )oKy () 2(1- v, )& (o] H '
- [A{ e)sin(er]1-2v)k,(a)-ak, o) |
:_75_111 o t? p(é cos ét [K Oc)] COS(Xt)dt
- E . ()Sm(&t)li (a) ):| PKo(p)

(78)
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N 2
_ ! {(1 —2v, V7 + a ldi}Fl sin(xt )dt
r

- 2
- t{z(l_vl)fl Fl+z(l_vl)l‘fd_i+(zvl_1)5}111()“)5”

21-3) A1 3060+ o) 100k )

- J:tz +2(1—V1)é[—A1(I)K1<P)_Bl<t)pK0(P)] sin(xt )t

+(2v, = 1)[A, (1)K, (p) + B ()oK, ()]

A,

o [plE)eostenfoky(a)-2(1- K, o] K0
{ (a)]}{Ko(F)) :|

2(1-v,) [p(g)cos(gz)[K a

NIRRT (kaaw%wmwﬂ
i

+ Q(é)sin(&t){m(oc)— Kl(a)ﬂPKo(P)

i{p(i) cos(&t [k y()— 2(1- v, K, (o0)]
PA |+ q(8)sin(&)[(1-2v,)Ko(a) - ok, (at)]

. —p(&)cos(&t)[[(l(oc)]
+E + q(&)Sin(ﬁt){Ko(oc)_ KI(O‘)} PKi(p)

sin(xt)dt

+(2v, -1

S~—

(79)
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_ mll3 J:%t Cos(xt)dt

= _%MJ: 2 Z—Tj cos(xt)dt

[ AR 0) = B(PKp) 00+ Do) sl

_{Dﬂz(vz — Vs )[IO(Y)2 - II(Y)Z]]K (p)

—1+v;

_ _%Mjomﬁ N {Cz Dy (v, —Va)[Io(Y)Ko(Y)+Il(Y)Kl(Y)]}Il(p) cos(xt)di

—1+v,

NEITES)

—1+v;

(80)
() = ﬁ [ {(1 v, V2o j_+ ldi}F sin(xr )dr
= nLMj:z{z(l— v;) ‘5;3 +2(1- v3)15%+ (2v, —1)F3}sin(xt)dt
_ Lrtz{&(‘)&)(p) + Ba(t)[PKl(P) —4(1-v; )KO(p)] }sin(xt)dt
T, 0 +C5(t)1,(p)+ D3(t)[pll(p)+4(1—v3)lo(p)]
{Dﬂz(vz 1)[1(7 & '1(”2]}1@@
_ n%h_[:tz N {Cz _ Dy (v, - V3)[IO_(?2§)3(Y)+ II(Y)KI(Y)]}IO(p) sin(xt)dr
* [DZ_(%ZZ)}[M(IJ% 4(1-v3)1,(p)]

(81)
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Using the same methods, a solution with a similar form can be obtained for antisymmetric loading
conditions. The solutions for symmetric and antisymmetric loading conditions can be rewritten as

equations (82) to (85), where Jlll(t,r), Jllz(t,r), J;l(t,r), J;z(t,r), Jfl(t,r), sz(t,r), J;l(t,r), J;z(t,r),

A, and A; are defined in equations (86) to (95):

()
cos(t§) cos(xt)

orf

sin(z&) sin(xt)

cos(t§) cos(xt)
sin(z§) sin(xt)

1 oo
url(rvx) = Tc_ul|:_p(§)jo ‘]111

1 oo
I/t,.3(l",x) = _n_m|:p(§)J0 J131

]%w(i)j:
jt’ a®| (1, (

sin(£§) cos(xt)
cos(tE) sin(xt)

(g

o

sin(£&) cos(xt)
cos(1E) sin(xt)

1 © cos(z§)sin(xt) t . sin(£&) sin(xt)
u”(r’x)_nul {p(&)-[o JZI(N)(—sin(té)cos(xt))t (ﬁ)J Il [COS(tEJ)cos(xt)J :I &
1 o s cos(t§)sin(xt) dt o s sin(£&) sin(xt)
(1) = LT {p(g)-[o JZI(N)(—sin(t&)cos(xt)) t +q(§)—[0 Tl ( os(tﬁ)cos(xt)] } ®)
where
1
ah(t.r) = Al Kofe)+ 2(1- vy ok, (o) K, (p) + [k (o) Jo Ko (p)] (86)
1
1
Jllz(t,r) A_{[(l 2\/1)051(( ) o K(oc)]Kl( )+[ocKO(0c)+K oc)]pKO(p)} (87)
1
1
Iy(t.r)= A—{[oczKO(oc)—%c(l—vl )K,(oc)]KO(p)—(xKl(oc)[pKl(p)—4(1—v, )Ko(p)]} (88)
1
1
Tia(tr) = {[0= 2w ok (00) - 0 K () [ o (p) ~ [ (00) + Ko (o) [ () = 41— vi Ko )]} (89)
1
ol (o) —=2(=1+v;)I, (o)
=1+v, )pl,(p),(0)+1,(p)l—Vv
Frn=-= ( £ Lo @) +72(V2—Vs)lo(v)z—ll(v)z)Kl(oc)} (90)

A3
+ 7 (v, = v3 )1 (a
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( 1+v2 pI [ocl Il(oc)]

. B ! —o (=14 v, )(=1+2v3 )Ly (0 )+ o (=1+ v, ), (o)
le(l’,t)— A_3 o - a{ll(p){ + YZ<V2 —V3>[IO(Y)2 —11(7)2][OLK0(06)+K1(06)]%]
) -l L 16 el
1 (=1 )1y () 4(=1+ v 1o (0)-+ 91, (p)]+ env? (v = v )1 (00) o) = () |Ko(p)
- —oclo(p){(—1+v2)[oclo(oc)—Z(—1+v3)Il(oc)]+y(v2—v3)[—lo(y)2+Il(yz)]l(1(oc)}
_<1 =, )[edo(or) = 10 4(=1+ Vs 1o (p) = P (p)]+ 7 (v, — V) ]
at| (o)t - Kfe)
2~ A_

o
A=

The stress-related boundary conditions at the matrix-coating interface are given by equations (96)

and (97):

where L is the length of the bonded surface and L”is the length of the crack surface. The functions p(x)

and g(x) are zero on the crack surface and unknown on the bonded surface. The displacement-related
boundary conditions at the matrix-coating (region 1 to region 3) interface are given by equations (98)

and (99):

NASA/TM—2004-212328

{(x(1+v2)(1+2v3)10(0c)+(x2(1+v2)I, ) }
.y (p .

# (v =i () = 1) Jokofor)# ki) |

A_—ocK [oc+21 V]K

(—1+\/2)10(oc)2 Y (V2—V3)IO(’Y)

—(—1+v2)(2+0( —2V3) OL) (Vz_v3>ll(y)2]

Integral Equations

url(rc,x)—uﬁ(rc,x): gl(x) xelL

17

oD

(92)

(93)

(94)

(95)

(96)

O7)

(98)



For the symmetric case,

For the antisymmetric case,

gKX)=—8K—X)
gz(x):gz(_x)

(99)

(100)

(101)

The problem is solved if p(x) and g(x) on L are determined. In order to find these functions along the
bonded surface L, the integral equations are obtained by substituting equations (81) to (84) into equations

(99) to (100). For the symmetric loading condition, the integral equations (99) and (100) become

equations (102) and (103):

] 1
lim| —
r—al| T

) 1
lim|——
r—a I

For the antisymmetric loading condition, the integral equations (99) and (100) become equations

(104) and (105):

lim| —

r—a

NASA/TM—2004-212328

J-«{J'“’I:_ J11(t’r) + Jll(t,r):l[COS(fé)COS(XI)] ﬂ}p@)d&'
o |Jo My M3 t
w | poo| L (2,7
+J.0 {-[OI: l'(ll )+

J':{J-Ow [le(t,l’) B Jz1slf,r):|[cos(t§) Sin(xl‘)] %}p(&)d&

[
]

L(t )}[sm(t&)COS(xt)] }q(é)dﬁ

Ly

+I {J-w|: Jzz lr) Jzzl’(L >:|[s1n(l‘§)sm(xr)] }q(&)d&

1 3
J(r.r) + Jllit’r)}[sin(tﬁ) sin(xt)] %}P(&)dé
3

18

3
12L(lt’ r):|[_ cos(z§) sin(xt )] %}C](é)dé
3

=g,(x)

=g(x)

=g,(x)

(102)

(103)

(104)



lim

r—a

L

_1 I:{I:[J;ﬁ;l,r) J

3
21(1[’ r) }[— sin(z§) cos(xt )] ?}P(E})dé
3

. f:{ N {_

Jéz (t,r) B J232 (t,r)
Ms

My

=g,(x) (105)

}[COS(@ cos(xt)] %}q(ﬁ)dﬁ

For the combined symmetric and antisymmetric loading condition, the integral equations are given by

equations (106) and (107):

I ol peo| I (2,r) T (2,1 cos(r&) cos(xt) dt
J' J‘ _ 11( )+ 11( ) [ & (é) &
B K, [TH +sin(§)sin(xt) | t
lim| = () S(en) : =g(x)  (106)
r—a o | poo| S5 l8,7) T (2,7 | sin(£E) cos(xt)
+J.{J-{'2 +2 }{ } }(%)5
o [do| TS — cos(t§)sin(xt) | t
Jm r Du(tsr)  B(er) [eos@)sin(xr) — |dr D(EE
Ll W [TH — sin(§) cos(xt)
lim| =~ =g(x)  (107)
roal 2T +_[ J-oe I tr) Jg’z(t,r) sin(r&)sin(xr) J(E)dE
[T + cos(t&)cos(xt)

The upper and lower kernels correspond to symmetric and antisymmetric cases, respectively.
Considering the symmetry properties of the functions p(x), g(x), g,(x), and g,(x)—which are given by
equations (100) and (101)—and using trigonometric identities enables the integral to be rewritten as
equations (108) and (109):

| | peo| J! t,r J? t,r dt
[RINE uleor) ) o oyt ey
1170 1° Ky K 4
lim gy 1 ( ) , ( ) =& (x) (108)
r—a o | poo le t,r J12 t,r . dt
+ + sin(§—x)—q(§)dg
N
I o | o=l Ioy(tr)  T5(t,7) | dt
[ altr)_Jaltr) [sin(€— )] = pp(&)dE
11017 Ky M3 £

r—a

NASA/TM—2004-212328

A

J;z (t,r) J22(t r)
My

}[ os(§—x)|— }q(ﬁ)di

19



Equations (108) and (109) become equations (110) and (111) with the terms defined in equation

(112):
[ dt
: J;) D-O Hl,(t,r)cos(E_‘—x)tT}p(E))dg
lim p T gt =g, (x)
+IO U’ le(t,r)sin(é—x)tT}q(i)d&
and
oo [ oo . 4
] _J.() {J-O HZ](t’r)[SIH(é_x)]Tt}p(é)d&
lim . (o gt =8, (x)
+J0 {J.o sz(t,r)[cos(?;—x)]T}q(g)d};
where

Jh(tr) .\ Jh(t.r)

e H My
Hﬂ(t,r)=f5ﬁfl’r) J;,iz,r)
sz(r,r):_fézii,r)_J;ﬁ,r)

Since the inner integral for # cannot be integrated using usual integration methods, an asymptotic
approach is applied. When the asymptotic expansions of H(t, r) are considered as t — 0, some of the

(110)

a11)

112)

kernels will diverge. For divergent kernels to be avoided, the 1/¢ factor must be removed. For this reason,
equations (110) and (111) are differentiated with respect to x. Using the identities in equations (113) and

(114) changes equations (111) and (112) into equations (115) and (116):

a4 cos(at— x)r = tsin(o — x)t
dx

4 sin(o— x)t = —t cos(aL — x)f
dx

I i e
lim| —— = g1(x)

[ Haler)eoste o e
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AL e eose-oarpe e
lim| 7—

mi o [ poo =g5(x) (116)
- +J.o {Jo sz(Rr)[sin(i—x)]dt}q(é)dé

Integration of equations (115) and (116) using an asymptotic approach gives equations (117) and
(118) and the terms in equation (119):

r—a

1 ) )
lim{z—nUO Wip(E)de - | qu(é)d&}}= 8lx) (117)

1 ) =3
1im{2—nU0 Wi p(8)de + jo Wﬂ@)ﬁ}} =8(x) (118)

r—a

where

W= | [ (1) = Hi ()| sin@ = x)dr + | i (1, )sinE = x)dr
W= [ [Ha(er) =B ()| cos@—x)d+ | H? (1) cosE—x)dr
o [ il 5o
W= | [Ha(tr)= HE (er)]sin@—x)dr+ | “H (1,r)sin@—x)ds 119)

Singular Integral Equations and Fredholm Kernels

In the problem considered here, the bonding stresses p and g are unknown, and g, and g, are the
known displacement differences. Therefore, the displacement-related equations (98) and (99) are used to
find p and ¢g. From these two boundary conditions, two integral equations are constructed to find the two
unknowns. In equations (117) and (118), sine and cosine terms are the steady-state oscillating functions.
Therefore, Hy(t, r) determines the behavior of the integrals for these equations. For the integrals in
equations (1 17) and (118) to be calculated for a given interval, the integrand must be integrable over the
corresponding domain. If the constant terms at infinity in H(z, r) are subtracted from H(z, r), the
functions Hi(t, r) — H",(t, r) become integrable. After the asymptotic values are subtracted and added, the

integral equations become SIEs with two parts. The dominant parts contain the singularities, and the
regular parts are the Fredholm kernels. After the asymptotic part is subtracted, the kernels can be
integrated numerically. But this subtracted quantity has to be added back to the whole equation. That is

where the dominant part of the SIE comes from. If the limit is taken as € — 0 and r — r. in the integral

equations, the Fredholm kernels and the SIEs in equations (117) and (118) become equations (120) and
(121):

SN RN SRR B o (OB }:,

ZM(]_W){ Ya) = P di—— [ [k ep(o) + k(g = g1(x)
. 1 b 1 ¢b

—y q(x)—;J.a %dt—;_[l [k 1 (5, ) (1) + iy (g0 = O (x) (120)
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MO _ - C]([) - b — o
—ZMIMS(I_W){Y peo=——| di+ L [kzl(x,r>p<z>+kn(x,r)q(r)]dt} g (x)
x 1
Y po) -~ [ Md,+_j [l ()P0 + iy () (1) = Q) 121)
Mdat—Xx TYa

wherea<x<banda<t<bh.

e ulo {(=2v))(1=v) s = (1= 2v,)(1= V), } (122)
Mo =2p5(1= v, )(1=v;)+2u, (1= v, )(1-vs) (123)
(1= vy ) {2(1_"1)0‘[1{1(&)}2}
Ko A _2(1_\/1)
kl,(x,t):j: 2 sin[(1—x)s]dr  (124)
SRR T A

{ocz[Ko(oc)r +2(1-v, )cxKO(oc)Kl(oc)}

- oK, ()]

—(1-2v,)

. o (-1+v, )1, oc)]
Jo V2_V3>[Io ] cos[(t—x)s]ds (125)

- % 2w @]
o (=1+v, ) o )]
I

+Y V2_V3 [11<
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(3-2v,)oks ()
+4(1- v, )Ko(a)K (o) [(-201-v)))
- oKk; (o)

0c(—1+v2)(3—2v3) oc)
k22(x’t):_..0 —4(-1+v, (1= v; )Ly (e )1, (e0) sin[(r—x)s|ds  (126)
N )RR
Ho _72(\’2_"3)[1 (v)- 112(7)] K(ot)
+of-1+v,)I} ()

= 2(1-v, )(1-v;)

a=rt, Y=
A, = -0 K2 (o) + [ 2+2(1 v,)|K7 (@) (127)

o (—1 +V, )Io(oc)2 -y (v2 —V; )Io(y)2

A, = (128)
’ —(—1+\/2)(2+0c2—2\/3)11((1)2+yz(v2—v3)ll(y)2
0, =2(1-v,) 55 gi(x)
Ko
0, =2(1-v;)E Q“ L g5(x) (129)
0

Verification of the Singular Integral Equation

For verification of the analytical result, the SIEs for the three-concentric-cylinder model can be easily
reduced to the model with two concentric cylinders developed by Ozbek and Erdogan (ref. 5). Making the

material properties of the coating equal to the material properties of the fiber (i.e., 13 = Wy, V3 = V,, and

E, = E;) in equations (120) and (121) yields exactly the same SIEs as in equation 14 of reference 5, as
shown in equations (130) and (131):

A= [ 2D~ ['[f eop)+ Fa(xng@i = 0,0 (130)
at—Xx
()—— * 40 4 ljb[@l(x,z)p(t)+1€22(x,r)q(z)]dz=Qz(x) 131)
at—x  mda

where the kernels ¥, are reduced to the one in reference 5 as shown in the following equation:
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a<x<b a<t<h

Wy =21, (1=v,)(1=v,)+ 2, (1= v, )(1-V,)

Lo = (1 Va )Ho (132)
YZ = (] ;0\’2 ) [(1_ 2v, )“2 - (1 -2v, )“1]
o= (12w )12
=" (133)
(1=v, ), | 20wl ()] ]
. (l_vz)ﬂo A1 _2(1_Vl)
kn(x,t): IO sin[(t—x)s]dt

=V, Ju, | 20(=1+V, (1=, )| (o ’
.
kll(x,t)=l€“<x,t) (134)

klz(x,t) = k2l(x,t)

| [l e[k

—(1-2v,)
:J: ocz(—1+\/2 [1 )]2 cos[(t—x)s]ds
v o +20c( 19, ) (1= v, )T (o)1, ()
(1-v, )i, ()b, (=1 v, ) 1o(e)]
—(1—2\/2)
kiy (,1) = Ky (x,1) = Ky (x,8) = ey (x,2) (135)
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kyy (x,t)

+4<1_vl>z<o<a)z<l<a>—w<f<a>]‘2“_“)}

( _Vz)ao
_ o(-1+v,)(3-2v, ) (a) sinl (1 — 15 lds
) T e e B A (R ACAACY ol
+(l—v )it (124,
270 ——[oc —1+ v, )1 (oc)]
I -2(1-v,) |
by (x.1) = kyy (x,7) (136)
oa=rt y=rt
A =-0’K,’ oc)+[oc2 +2(1-v, )]Klz(oc)
A=A, (137)

Ay =0 (=14, ) I (@) = (=14 v, )(2+ 0 = 2v, )1, (o)’
A, =(-1+V,)A, (138)
Therefore, the validity of the left side of the SIEs (eqgs. (120) and (121)) are established. Reducing the

right side of the SIEs (egs. (120) and (121)) to the case of the two-cylinder model (as in eq. (16) of ref. 5)
yields equations (139) and (140):

0 =2(1-v >“;L“2 ¢/(x)

0

0, =252 g1y

)

0 =0 (139)

0, =2(1-v, )2 g7 ()

0

0, =288z o7 ()

)

0,=0, (140)

The validity of the left and right sides of the SIE is thus established.
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Numerical Solution
Fundamental Function of the Singular Integral Equation

The system of SIEs is derived for three concentric cylinders with two annular interface cracks. In both
SIEs (egs. (120) and (121)), the bonding stresses p and g are unknown and g, and g, are the known
displacement differences. For the problem at hand, the SIEs have a simple Cauchy kernel and lengthy
Fredholm kernels, and it is most convenient to use a numerical method to obtain the solution. Numerical
solution methods for SIEs have been studied quite extensively (see refs. 8 to 12). There are two methods
that have been commonly used to solve the integral equations with Cauchy-type singularities. These are
the quadrature method and the series expansion method. In this study, the series expansion method is
adopted (see refs. 9, 12, and 13).

Normalization of the interval of the integrals in the SIEs (eqs. (120) and (121)) yields equations (141)
and (142):

x 1t 1!
Vo= [ PO [ [k, 00+ DaE =0, (141

1 ¢ 1 ¢
=2 £ ] [l 0200 ks D@ = 0,0 142)

The system of SIEs in equations (141) and (142) can be written as one complex equation. Multiplying
equation (141) by —i and adding the result to the second equation (142) yields the single SIE in equation
(143), with the terms defined in equations (144), (145), (146), and (147):

vYow-—| & @dé+—j [£.(5.200, &)+ Ky (.20, g = 0(s) (143)

0,(s) = p(s)+ig(s)  ¢,(&)=p(&)+ig(&)  0,(8)=p(E)—ig(E) (144)
Q(s) =0, (S) +iQ, (s) (145)

[k21( L&)+ ks (s, ]‘H[kzz +k11(s,§)] (146)

>
[\) —_

[k21 (s, Z}) - klz(s’ ‘t:)] - i[kzz (S’ ‘:) - kll(s’ ‘t:)] 147)

The kernels K, and K, are bounded and ¢, IA(l(s, &), K, (s,&), O(s) are complex functions. The
singular behavior of the function ¢(§) at 1 is determined by the dominant part of the SIE. The function

d(&) satisfies a Holder condition on every closed subinterval of (-1, 1). Its behavior near the ends can be
represented by equation (148):

o(s)=w(s)r(s)  |s|<1 (148)

The function fis Holder-continuous on any closed subinterval of (-1, 1). This means that p(s) and g(s)
are continuous on the open interval —1 < s < 1 and that ¢(&) has integrable singularities at s + 1. The

Fredholm kernels are also Holder-continuous with respect to both variables along the integration interval.
The dominant part of the SIE is considered to be equal to zero so that the fundamental function can be
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found. The fundamental function w(s) is obtained from the homogeneous dominant part given by
equation (149):

_% Jllgdé +7 w(s) =0 (149)
The fundamental function w(s) in equation (149) can be expressed as in equation (150) (ref. 13):
w(s)=(1-s)"(1+5)° (150)
where Aand 3 are defined in equations (151) and (152):

k:—%—iﬁ (151)

p=-2+i® (152)

The term ® in equations (151) and (152) is defined in equation (153):

6:L10g£1+Y*J (153)

The boundaries for the real part of Aand Bin equations (151) and (152) are defined in equation (154):

—1<Reh<0
—1<ReB<0 (154)

In equation (150), w(s) is the weight function that depends on the index of the singularities. The index
of the singularity k for a given problem is defined in equation (155):

k=—(1+p)

Jrrepee]

k=1 (155)

Solution by Jacobi Polynomials
After the fundamental function w(s) of the SIE is obtained, the solution of equation (143) becomes

equation (156):

o(5)= 3 & w(s)P(s) (156)
0
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In equation (156), ¢ » are defined as undetermined constants that need to be calculated with

n=0,1,.... The term Rf}”’ﬁ)(s) is the Jacobi polynomial. The fundamental function w(s) of the SIE in
equation (156) is the weight function of the Jacobi polynomials. The details of the procedure considered
here are studied extensively in references 9, 12, 13, and 14.

Substituting equation (156) into equation (143) yields equation (157) (ref. 9):

lJ‘ W(S)P(x,ﬁ)(s) ds =_Y—')w(s)P(k’B)(s)_ 2—11“(&3:"(1—&) Prfjwﬁ)(s) (|S|) <1 (157)

The SIE (157) becomes equation (158). The terms in equation (158) are defined in equations (159),
(160), and (161):

ZH— ,-sii(jm) A OF h,l(sﬁ + Enh;‘(s)} =0(s) (158)
h(s)= jlw(&)l’n“"”(i)& (5,8)d€ (159)
h,’:(s)=jlv—v(&)ﬁ“’m(&)&(s,é)d& (~1<s<1) (160)
w(E)R*P(¢) (161)

where (€) is the conjugate of W(E_,)Pn(a’ﬁ)(é).

In equation (158), ¢ is the conjugate of ¢. So that the functional equation (158) can be reduced to an
infinite system of algebraic equations with the unknown coefficients c,, both sides of the equation are

multiplied by w(—?&,—B,s)P,L_K’_B)(s) with (m =0, 1, 2, ...) and are integrated over (-1, 1). The
orthogonality relation of the Jacobi polynomials in equation (162) is also used:

| 0, n#m; nm=0,1,2,...
[ w(s)P (s)PLP(5)ds = oid__ 2 Dm+ A+ 1)T(m+B+1) (162)
-1 " 2m+o+B+l mT(m+A+p+1) "

Since the index of the singularity is K = 1 for m = 0, the right side of equation (162) becomes equation
(163), with the Jacobi polynomial defined in equation (164):

1 A+B+1
(AB) _ _ 2 F(?L+1)F(B+1)
oi-P) = jlw(s)ds =082 (163)
PMP(5)=1.0 (164)
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Truncating the series of equation (158) for the first N terms yields equation (165):

271 ~ Y A LN
_Wem(_}\"_ﬁ)cmﬂ—i_z“(dnmcn +dnmcn)z Tm (m =0’1""’N) (165)

Terms in equation (165) are defined in equations (166) to (172):

¢ . =CR, . +iCl, ., (166)
¢, =CR, +iCI, (167)
¢, =CR —iCI, (168)
1
d = j PCR ) (s )w(=A, =B, s)h, (5)ds (169)
-1
1
d = J P”S_x’_ﬁ)(s)w(—k,—ﬁ,s)h: (s)ds (170)
-1
1
T = j P () w(=D,—PB,5)Q(s)ds a71)
-1
w(=A,—B,s)=(1-$)A+s5)P =w'(s) (172)

The matrix form of equation (165) is written in equation (173):

. CR TR
[A ]2(N+1),2(N+2) A N (173)
Cl 2AN+2) 2(N+2)
where
CR  real part of ¢
CI imaginary part of ¢
TR real part of the right side
TI imaginary part of the right side

The number of equations in equation (173) is 2(NV + 1). There are 2(N + 2) unknown constants: éRO,

éRl, éRN 41 and élo, é]l, and CI ~+1- Therefore, the continuity condition is the additional equation used
to provide the unique solution given in equation (174):

1
[ o(s)ds =0 (174)
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Substituting equation (156) into equation (174) and using the orthogonality conditions in equation (162)
yields equation (175):

(CR+iC1),(1.B)=0 (175)

Adding an additional equation (eq. (175)) into equation (173) yields equation (176):

[A] {éR} {TR} (176)
2AN+2),2(N+2)) A =
Cl 2N+2) i 2(N+2)

Any standard method of solution of the system of algebraic equations can be used to determine the
unknown ¢ in terms of CR and CI, as in equation (177):

CR L TR
A :[A]2(N+2),2(N+2) TI a77)
Cl AN+ 2(N+2)
From equation (177), the unknown constants éRO, CR,. ..., éRN 41 and élo, é]l, .., CI v+1» are known.
These constants determine ¢,, ¢,, ..., Cy,,, Which are defined in equation (178):

¢y = Cry +iCl,

¢, =Cn +iCl,

Gy = CRy, +iCly,, A78)

Gauss-Jacobi Quadrature Technique

The objective of the numerical work in this technique involves the evaluation of the unknown
constants. However, since the related integrals are of the Gauss-Jacobi type, these constants may be
evaluated accurately without computational difficulty (ref. 9). The quadrate formula, which can be used
for this purpose, is defined in equation (179) (ref. 15).

L N
7(s)= [=y"A+5)P f(s)ds = > @, f(s,,) (179)
1 k=1

where s, and m =1, ..., N are the roots of the orthogonal polynomial P,\(,_)”’_B)(s k) =0,m=0, ...,N. The
weights of equation (179) are defined in equation (180):

O —__ 2N-A-PB+2 L(N-A+1)[(N-B+1) 2P (180)
" (N+1)(N-A-B+1)  T(N-A-B+1) P]'\E‘K"B)(sm)p}i}‘ﬁ"ﬁ)(sm)
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N

h(s,)= [ =8 A+8P £(s,,.E)de = > O, (5,.E,) (181)

n=

where £,, n =1, ..., N, are the roots of PA(,“’B) (EM ) =0. The weights of equation (181) are defined in
equation (182):

o IN+A+B+2  D(N+A+1)D(N+B+1) 2MB (182)
TR ] T T

Stress Intensity Factor

In the immediate neighborhood of the crack tips, the form of the solution is identical to that of the
plane strain, and the bonding stresses may be expressed as in equation (183) (ref. 5):

SINT—iCcoST

(=)

p(x)+ig(x) = py(R, (x) +i%R,(x))

_ (1+xj
T=wmlog

- X

azilog“”*] (~l<x<l1) (183)
-y

where the bounded functions R, and R, are the intensities of stresses and are proportional to the external
loads.

Also from the formulation of the problem, the equation ¢(x) = p(x) + ig(x) can be written as in
equation (184):

o(x)= iéiw(x)P;f’B) (x) (184)

i=

—_

In equation (184), the fundamental function w(x) is defined in equation (185):
W(.X') — (l_x)—(I/Z)—ia(l+x)—(1/2)+i6 (185)

The term in equation (185) is defined in equation (186):

B= Llog(”—l] (186)

w(x)=(1-x* );(1”)1@ (187)
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Equation (187) can be written in different forms, as defined in equations (188) to (190):

— 1+x
w(x) = %emlog(lﬂ) (188)

1-x

w(x) = —— (189)

2
1-x
or

W(X) _ coST+1i1SInT

(190)
V1-x?
This last form of the fundamental function (eq. (190)) is multiplied by i/i and uses 1/i = —i. The
fundamental function in equation (190) is rewritten in equation (191):
wix _icost+isint
N
1 (—sinT+icosT)
w(x)=—>—p——"
l V1-x?
SINT—icoST
w(x) = T ICOST (191)
V1—x?
Substituting equations (184) and (191) into equation (183) yields equation (192):
N . . . .
Z[iénpl\(/x,ﬁ) (x)] SINT—1ICOST - po[ﬂ?l(x)+ iR, (x)] SINT—1COST (192)
n=0 , (l—xz) (l—xz)
After necessary simplifications are made, equation (192) becomes equation (193):
< A
pol Ry (x)+ iR, (x)] = Y [ie, PP (x))] (193)

n=0

It can be shown that (ref. 16), in terms of ¢(x), the bonding stresses in the neighborhood of the crack
tip may be expressed as in equation (194):

o, —it,, = p(x)+ig(x)

G, —it,, = po[ R, (x) +iR, (x)]

SINnT—icosT

N

r=r.  |x|<1 (194)
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Thus, the stress intensity (ref. 5) is defined as

A A \SINT—iCOST
o, —it,, = (k ik, )Sml—lczOS (195)
—X

where —1 <x < 1. Since the left side of equations (194) and (195) are the same, the right side of equations
(194) and (195) are equal to each other. Therefore, the SIFs are obtained as in equation (196):

’21(“): POEKI(")

l@l(b): po%Ri(b)

’22(“): ‘1’09{2(“)

iy (b)= —pR,(b) (196)

Strain Energy Release Rate

The SERRs for modes I and II for a crack along the interface may be expressed as in reference 5:

oS e
LU (e Tl
LOR o (e ey
LOR o (e Tyl

The total SERR is then obtained as

dU(a) - o oam (g (s + s
e =G(a)=[k12(a)+k22(a)]§ M1“3[1(1+]1<33M1_i(1 +3K11)H3]
aU(b) 72 ~ e (M1+K1U3)(M3+K3H1)
o Gb)= [kl b)+ky (b)]E p1u3[(1+ i3 )1, +(1+ Kl)u3] (19%)

Application of the Method

As an illustration of the use of the numerical approach developed in this report, the sensitivity of the
SERR and SIF to coating stiffness and thickness are examined using material properties representative of
polymer matrix composites. The method is applied to the case of a single fiber embedded in an infinite
matrix with a radial load applied to the matrix. In the SIE, O, and Q, are functions of closed displacement
differences that are related to the applied load at infinity:
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0,=2(1-v,) “&“3 2(x)

0

0, =2(1-v,)E Q“ 3 g5(x) (199)

0

The displacement differences that are assumed to be known are associated with an elasticity solution.
So that the solutions can be found, two different cylinders must be formed. The first is a hollow outer
cylinder that represents the matrix. This cylinder has an infinite outer radius. Since the fiber and coating
are considered to be perfectly bonded, the second cylinder is a solid cylinder formed by combining the
inner solid cylinder (fiber) with the middle hollow cylinder (coating). There is no bond between the two
cylinders, and external loads are applied separately to the two cylinders.

In the example that is considered here, the external radial stress 6,,(c, x) = 6, = 1 1b/in.” is applied to
the outer (matrix) cylinder. Index r is for the radial direction, and index 1 is for the matrix. There is no

load applied to the second cylinder. Then, from the elasticity solution of the problem, the surface
displacements for the first cylinder (matrix) and the second cylinder (coating and fiber) are

_20,r
rl El
. 20,V .
EI
U;=u,=0 (200)

The displacement differences that need to be closed at the matrix-coating (region 1 to region 3)
interface can be written as

_(url - ur3) = g](X)
—(u,y — 1) =g, (x) (201)

where r = r, and x € L. Therefore, rewriting equations in equation (201) yields

20,r.
E,
200V,
E,

&(x)=

8 (x) (202)

As an example, symmetric loading and a single bond are considered where L = (-1, 1) and L”is

infinitely long. For the SIE, a zero stress state at infinity is solved; O, and Q, are the only loadings that
are considered. In the SIE, g,(x) and g,(x) are expressed as

Neoop Mo
& (x)=-2p, (1_V3)H1l~l3

_ U
& (x)=2B, —(1 -, )M1M3 X (203)
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Equations (202) and (203) are used to find 3, and 3, as in equation (204):

B, = 4(1 — V3 )M1l~l300’2
1 WoE,
A= v upso,

— (204)
P WoE

Substituting equations (203) and (204) into equation (199) yields equation (205):

Q(x)=0
0,(x) =B,
4(1= v, )50,V

0,(x)= WE (205)

The effects of material properties and crack size on the SERR are now considered. In the SIE, the
integrals from —1 to 1 that contain Jacobi polynomials are taken by using the Gauss-Jacobi quadrature
technique. Providing an adequate number of points is important for convergence. As shown in figure 5,
convergence begins at about 16 points. The material properties used here are the same as those used in

reference 5. The material properties of the matrix (indicated by a subscript 1) are E, = 4.5x10° 1b/in.> and

v, = 0.35, and the properties of the fiber (indicated by a subscript 2) are E, = 10’ Ib/in.” and v, = 0.2.

0.3088 —
o
o
[11]
n
<
T 03084 -
[0
(7]
(1]
o
o
>
o
S 0.3080 -
(0]
[
©
b
0.3076 ' ' ' ' '
4 8 12 16 20 24

Number of Gauss-Jacobi quadrature points, N

Figure 5.—Number of Gauss-Jacobi quadrature points.
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The radius of the coating is 1, and the radius of the fiber is 0.5. In this example, the value of v; = 0.2 is

not changed, but E; ranges from E, to E, and from E, to E = 10° Ib/in.” The parametric studies are
presented for the normalized mode-I and mode-II SIF: that is, equation (206) with ¢ = L/2, and a
normalized SERR; in other words, equation (209), which is derived from equations (207) and (208):
ko _k
ooV o,

G=(]€12+]€22)E (H1+K1“3)(H3+K3M1) (207)
2 s+ Kps + (4 Ko |

(206)

G, = T W+ K, + Kol (208)

2 W[+ K + (4 K, ]

-§=%+% (209)
G()

In figure 6, the SERR and SIF are plotted versus coating stiffness E; with a lower bound equal to the
matrix stiffness E; and an upper bound equal to the fiber stiffness E,: that is, E, = 4.5x10° < E; < E, =10,

The SERR and SIF are sensitive to variations in coating stiffness when the coating stiffness is close to the
matrix stiffness. As the coating stiffness increases, the SERR increases and becomes less sensitive to
variations in coating thickness. Figure 7 is similar to figure 6 except that the maximum coating stiffness
(10%) is 10 times the fiber stiffness. The SERR and SIF are nearly independent of coating stiffness when
the coating stiffness exceeds the fiber stiffness. For polymer matrix composites, these results suggest that
the driving force for crack growth will be sensitive to the stiffness of the interphase and that the driving
force will increase significantly as the stiffness of the interphase increases beyond the stiffness of the
matrix. For the hypothetical case in which interphase stiffness changes but the critical SERR for crack
propagation remains constant, an increase in the stiffness of the interphase would result in crack
propagation at a lower applied load.

The effect of coating thickness on the SERR and SIF is shown in figure 8. The material properties

used to obtain the data in figure 8 are E, = 4.5x10° Ib/in.?, v, = 0.35 for the matrix; E, = 10’ Ib/in.?, v, =

0.2 for the fiber; and E; = 10® Ib/in.%, v; = 0.2 for the coating. The ratio of the coating thickness to half of

the bonded length (%5/c) is varied from 0.05 to 2. The normalized SERR and SIF versus the ratio 4s/c is
shown in figure 8. Since the SERR increases with increasing coating thickness, coating thickness could
result in crack propagation at a lower applied load. This conclusion is valid only if the critical SERR is
not affected by the coating thickness. In addition, this conclusion applies only for the material properties
assumed in the analysis. In this analysis, the coating stiffness was greater than the fiber stiffness. A
different analysis would be needed to evaluate the effect of interphase thickness in a material system in
which the interphase stiffness is closer to the matrix stiffness.
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Total SERR, G, and normalized SIFs
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Figure 6.—Stress intensity factors (SIFs) and strain energy release rate

(SERR) versus E3x 105 ranging from Eq = 4.5x105 to Eo = 107 where
c is half the bounded length (c = L/2).
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Figure 7.—Stress intensity factors (SIFs) and strain energy release rate
(SERR) versus E3x105 ranging from Eq = 8x106 to E5 = 108,
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Figure 8.—Stress intensity factors (SIFs) and strain energy
release rate (SERR) versus hs/c for ho = 0.2.

Conclusions

An analytical model was developed to calculate the SIF and SERR for an infinitely long straight fiber
and an infinite matrix that were partly joined using a third material called the interphase (or coating). The
addition of a third (interphase) region is an extension of a two-component model previously described in
reference 5. The ability to evaluate the effect of interphase geometry and material properties makes the
model more realistic for polymer matrix composites, which are known to have an interphase region. A
preliminary set of parametric studies demonstrated the effect of interphase properties on the SERR. An
advantage of this analytical method is that calculation of the SERR and SIF is straightforward for
problems with cylindrical symmetry. Although cylindrical symmetry does not necessarily apply in a real
composite structure, the method is still useful as a simple tool to provide insight about the effect of
interphase properties on the crack driving force. The model can also be applied to other material systems
such as ceramic or metal matrix composites by using the appropriate material properties. Further
development of the method to account for different loading conditions and different crack types would
make the method even more useful, particularly for experiments such as fiber pullout or growth of a
debond area in a single fiber test where the SIF and SERR solutions are still lacking.
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Appendix—Symbols

unknown constants for layer 1 (matrix)

unknown constants for layer 2 (fiber)

unknown constants for layer 3 (coating)

half of the bounded length

modulus of elasticity for the matrix, fiber, and coating

Love strain function or Green’s function

Green’s functions for the matrix, fiber, and coating, respectively
known displacement gaps along the 1 and 2 directions

strain energy release rates (SERRs)

modified Bessel functions of order O and 1, respectively

normalized stress intensity factors for modes I and II
stress intensity factors (SIFs)

length of the bonded interface

length of the debonded interface

Jacobi polynomial
unknown stresses outside the crack, on the bonded interface

functions of closed displacement differences along the radial and axial

directions
real part of a complex number
stress intensities

radial distance

coating radius

fiber radius

matrix radius

dummy variable

dummy variable of the Fourier domain

displacements along the r and x directions, respectively
fundamental function

axial distance

rt,where r,=r,=r,

gamma function

rit, where r,=ry; =r;

material parameter

Dirac delta function

cylindrical coordinate

index of the singularity

elastic constants of the matrix, fiber, and coating, respectively
Poisson's ratio

dummy variable

variable (a function of rf)

stresses along the r-, 8-, and x-axis, respectively

shear stresses along the r-x direction

39



0 complex form of the unknown stresses outside the crack, on the bounded

interface
V? Laplacian operator in cylindrical coordinates
Subscripts:
lorm related to the matrix
2orf related to the fiber
3orc related to the coating
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